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1. INTRODUCTION 
“Binomial functions” can be described as functions that satisfy the 
binomial-type formula 
B,(c + 1) = i J+(c) Bkwi( 1). (1.1) 
j=O 
In (41 we found that binomial functions have some interesting properties 
and conjectured that each binomial function with the “Stirling property” is 
orthogonal to some unique binomial function. Using symbols, this can be 
stated as follows: 
CONJECTURE. Zf St = BL(c) is a binomial function with the Stirling 
property (so that Bi = 0 and B: f 0), then there exists a unique binomial 
function A! = A,(c) such that 
i ArB’: = i BiA: = 6,, (Kronecker-delta). 
r=O r=O 
(1.2) 
This conjecture was recently converted into a theorem in a rather 
surprising way. As fate would have it, the author of [4] taught a graduate- 
level course in “Special Functions” at the University of Otago in 1979 in 
which she asked the students to solve a problem involving a certain binomial 
function. One of the students (Donal Krouse, who is now a graduate of the 
University of Otago-with First Class Honours in Mathematics) approached 
the problem in an unexpected way-and indicated that he would have the 
solution if he could establish a related result. Well, by coincidence, his 
“partial solution” combined with the “related result” to convert the 
conjecture into a theorem-and it was essentially this sequence of events that 
motivated this paper. (A slight modification of the original proof appears as 
the “first proof’ in Section 3. A new proof by Donal Krouse has now 
emerged, and it appears in Section 4.) 
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In Section 5 we shall see how this resolution of the Conjecture leads to 
pairs of generalized Kronecker-deltas and pairs of generalized Stirling 
numbers-as well as to the study of an interesting group of triangular 
matrices (that will be investigated in a future paper or a thesis). 
We conclude with an epilogue that shows how the paper of Rota and 
Roman [6] can be used to enrich our development (which, in turn, can help 
to streamline various parts of [6]). 
Before attacking the Conjecture, we will need some preliminaries. 
2. PRELIMINARIES 
For the sake of completeness, we will repeat some of the basic material in 
141. First, we shall agree that all variables are non-negative integers, unless 
otherwise indicated, and shall let 
o”= 1 
and 
(2.1) 
a,, = Olk+’ be the Kronecker-delta. G-2) 
Next, we shall call B: = Bk(c) a (non-trivial) binomial function iff 
and 
B;=Ok. 
We shall now list three useful theorems. 
THEOREM 2.1. If B,k is a binomial function, then 
B$+d= 5 B’,Bi-‘. 
j=O 
THEOREM 2.2. If B,k is a binomial function and B{ = pj, then 
(2.3) 
(2.4) 
(2.5 > 
(2.6) 
409/a/ I-8 
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where * means that the sum is taken over all non-negative 
that 
n 
and L mj, = k, 
m - (I 
integers j, such 
(2.7) 
and 
is the ordinary multinomial coeficient. 
We note that the pi (which are defined in the above theorem) can be 
elements of any commutative ring with unity. However, for convenience, we 
shall assume that the /3j are complex numbers. 
THEOREM 2.3. If pj is any sequence of complex numbers and B”; =/Ii, 
then the B,k given by formula (2.6) is a binomial&vction. 
We now complete the preliminaries by introducing some matrix 
terminology and symbols. Whenever we say “X is a matrix” we shall mean 
that 
x= IX,“] 
is an infinite matrix in which XE is the element in the (c + 1)st row and 
(k + 1)~ column. If X is a matrix in which J$ is a binomial function, we 
shall call X a binomial function matrix or BFM. In particufar, we shall let 
I== rc1 = I4kl P.8) 
be the (infinite) identity matrix. 
We now have all the basic equipment needed to prove the conjecture. 
3. THE CONJECTURE AND ITS FIRST PROOF 
We will first state the conjecture (as a theorem) and then provide some 
lemmas that play a role in its proof. 
THEOREM 3.1. If B: is a b&x&al function such that By = 0 and B: # 0, 
then there exists a unique binomial function A: such that 
or, equivalently, 
i A;B:=+oB;A:=<, (3.1) 
r=O 
AB=BA=I. (3.2) 
BINOMIAL FUNCTIONS WITH THE STIRLING PROPERTY 113 
Note. If BE is a binomial function such that By = 0 and B: # 0, we shall 
say that Bf has the Stirling property (and shall indicate this by writing “B,” 
is a BF with SP” or “B is a BFM with SP”) because the Stirling numbers of 
both kinds have this property (e.g., see [ 1, p. 8241). 
We shall now exhibit the lemmas that lead to the first proof of 
Theorem 3.1. 
LEMMA 3.1. I is a BFM with SP. 
Proof Clearly, < = 0 and Z: # 0. Hence, we need only show 
Since Z:+ , = 6,*,, i, we can obtain this result by considering the two cases 
k=c+l andk#c+l. 
The next lemma reveals the form of a BFM with SP. 
LEMMA 3.2. Zf B,k is a BF with SP, then 
(a) B,k = 0 when c > k, 
(b) B;=p:#O. 
Proof of (a). Let c > k and assume that Z3: # 0. Then, since /I,, = 0, 
Theorem 2.2 provides that j, = 0 and hence Ci=i j, > C&, mj,. Since this 
inequality is clearly false when the j,,, are non-negative, we get a 
contradiction. The desired result follows. 
Proof of(b). Using Theorem 2.2 and the fact that PO = 0, we get 
""=T 
( 1 
j 
k p$ --&, 
1 
. ..j. 
where ,?&, j, = Cl= I mj, = k. Hence, 
$ b - l)j, = 0 
and therefore 
j, = 0 when 2<m<k 
(since each j, is non-negative), and hence 
j, = k. 
The desired result now follows by (l), (2), and (3) since p, = B: # 0. 
(1) 
(2) 
(3) 
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The above lemma and 12, pp. 1 Y, 22 ) yield the following result. 
LEMMA 3.3. A BFM with SP is both upper triangular and inuertible. 
The next lemma will serve as an algorithm. 
LEMMA 3.4. If U, V, and W are matrices such that U= VW and W is 
upper triangular, then 
(3.3) 
ProofI By letting m = n -j and rearranging terms, 
The desired result follows by a further rearrangement of terms. (These 
rearrangements are justified because we are dealing with finite sums: i.e., 
O<t,m,j<kandO<n<2k.) 
We now come to the “key lemma.” 
LEMMA 3.5. If 
(i) II is a BFM, 
(ii) W is a BFM with SP, and 
(iii) V is a matrix such that U = VW, 
then V is a BFM. 
Proof: By Lemma 3.4, Theorem 2.1, and (iii) we get 
i(i ) vyv/, vn=fl+,= i: v:+*@ (3.4) n=O /=o n=O 
since W is upper triangular. The desired result now follows since W is inver- 
tible (by Lemma 3.3). 
The above lemmas provide a vehicle that makes it easy ro reach our 
current objective. 
Proof of Theorem 3.1 
Existence and Uniqueness of A 5. By Lemma 3.3 and (2, pp. 19,221, B is 
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an invertible upper triangular matrix with a unique upper triangular matrix 
as its inverse, and this inverse can be labeled as A = [At]. 
Binomiality of A:. Stated in matrix form, we need to show that if Z= AB 
and B is a BFM with SP, then A is a BFM. This result follows directly from 
Lemmas 3.5 and 3.1, and hence our “first proof’ of the Conjecture is com- 
plete. 
Addendum to Section 3 
Lemma 3.2(a) and Theorem 2.2 have led us to the following unexpected 
result and its corollary. 
THEOREM 3.2. Zf B,k = Bk(c) is a binomial function with & = By = 0, 
then B,k is either the zero function of c or a non-analytic transcendental 
function of c. 
COROLLARY. Zf B,k = B,Jc) is a BF with SP, then it is a non-analytic 
transcendental function of c. 
The following complementary result and its corollary are also a direct 
consequence of Theorem 2.2. 
THEOREM 3.3. Zf Bz = BL(c) is a binomialfunction in which & = By Z 0, 
then there exists a polynomial Gk(c) (which is also a binomialfunction) such 
that 
B,k = Pi @,k) 
and hence BE is either the zero function of c, or a polynomial in c (if&, = l), 
or an entire transcendental function of c. 
COROLLARY. Zf B,k = Bk(c) is a binomial function in which /I,, = 1 and 
,b, = B: # 0, then it is a polynomial in c of degree k. 
Proof of the Above Theorems and Their Corollaries 
We will first let c + 1 and k be positive integers. Then, Theorem 2.2 yields 
(3.5) 
where * means that the sum is taken over all non-negative integers j, for 
which 
&jm=h and i mj,=k. It?=, 
(3.6) 
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Hence, h < k and therefore (3.5) can be expressed as 
(3.7) 
if PO = 0, and as 
B:=8:kg* (f;); ij 
1 
h jk)ti’4+*y’: . . . 0.8) 
if PO # 0 and JJ~ = b,/ba. Since the right-hand members of both (3.7) and (3.8) 
are defined when c is any complex number, the defkition of BE can be 
extended to arbitrary values of c by means of (3.7) if p,, = 0 and by means of 
(3.8) if & f 0. Using these extended definitions, we get the desired results 
when k is a positive integer. Since 
B,O=&, (3.9) 
we find that II: has the required properties when /?‘, exists, and the proof is 
now complete. 
4. A SECOND PROOF OF THE CONJECTURE 
The “second proof’ is based on the following lemma. 
LEMMA 4.1 (Krouse). If B,k is a BF with SP and 
then 
i i AfA;-jB;=Z;+,. 
r=o /=o 
Proof: By rearranging terms, letting T -j = m, and us&g (4.1) as well as 
Lemma 3.1, 
The desired result now follows by Theorem 2.1. 
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Second Proof of Theorem 3.1 
The existence and uniqueness of A,k follow as in the first proof. To 
complete the proof we need to establish the binomialty of A,k. By Lemma 4.1 
and (3.1) we have 
and the desired result follows since B is invertible (by Lemma 3.3). 
Although the above proof is shorter and “more natural” than the first, we 
have included the “first proof’ because Lemma 3.4 has another application, 
which appears in the next section. Also, Lemma 3.4 can be used to establish 
(1) VW is a binomial function matrix whenever V and W are binomial 
function matrices (if W is upper triangular), and (2) each B,k exhibited as an 
“Example” in the next section is a binomial function (after using the results 
of (3.3), (3.4), and (4.9) in [4]). 
5. SOME APPLICATIONS 
We first note that Lemma 3.4 can be used to show that the product of two 
BFMs with SP is a BFM with SP and that this result together with 
Theorem 3.1 can be used to establish that the set of all BFMs with SP form 
a group with respect to matrix multiplication. This group will be investigated 
in a future paper--or a thesis. 
A second application comes from the following observation: Iff, and g, 
are linearly independent sequences of functions such that 
gkcX) = i A,kf,(Xh (5.1) 
c=o c=o 
where x is a “formal variable” (or indeterminate) and B,k is a BF with SP, 
then Theorem 3.1 discloses that A,k is a BF with SP. In this way, we can 
obtain the unique “companion” to a BF with SP. We shall now illustrate this 
with some examples based on the development in [4]. 
EXAMPLE 1. If S,” and s,” are Stirling numbers of the first and second 
kinds, respectively, then 
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is the companion of 
since 
and B: is a BF with SP. Hencef’(x) = ?/k! and g&) = (; ) satisfy (5.1). (It 
was this example that led us to the conjecture--as indicated in [4].) 
In the next two examples we shall use the following symbols and their 
properties that are developed in 141. 
Xfb, (a generalized power), 
Plb (a generalized factorial ), 
P;(b) (a polynomial in b), 
R;(b) (a polynomial in b). 
EXAMPLE 2. B$’ = B:(b) = c!(p:(b)/{k},) is a BF with SP and since 
we can get the companion At = A:(b) by letting f&x) = ~:*)/{k)~ and 
gk(x) = xk/k!, for then we have 
Since x:i, = xk and (k} , = k!, we have 
A;(l)=B;(1)=6,,, 
and hence both A:(b) and B:(b) are generalizations of the Kronecker-delta. 
EXAMPLE 3. B; = B;(b) = R@)/(k}, is a 3F with SP and since 
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we can get the companion A,k = A,k(b) by letting f&x) = ~&/{k}~ and 
gk(x) = (f ), for then we have 
When b = 1, k!(,4,k(b)/{c}b) and (k}#,k(b)/c!) reduce to the ordinary 
Stirling numbers of the first and second kinds, respectively, and hence they 
are generalized Stirling numbers of the first and second kinds, respectively. 
The above examples suggest that A,k is the companion of B,k iff B,k is the 
companion of A:. It is easy to see that this equivalence is a theorem, and 
hence if A,k is the companion of B:, we can say “/z,k and B,k are the (unique) 
companions of each other.” Thus, our colony of BFMs with SP is a unique 
society. 
6. EPILOGUE 
Since writing the previous five sections, we have been introduced to the 
fascinatingly rich paper of Rota and Roman [6] and this introduction has 
helped to reveal how linear functionals can be used to establish various 
results for BFs with SP. For example, a BF with SP corresponds to an 
ordered pair of “delta functionals” and this correspondence leads us to a 
“third proof’ of Theorem 3.1. 
We will now list some of the definitions and results of [6] in a form that 
will be useful for our applications. That is, we will state them in “normalised 
form” so that the “polynomial of binomial type” p,(x) becomes the 
“binomial function polynomial” p,(x)/n!, and shall introduce a slightly more 
convenient notation to indicate the relationship between a “delta functional” 
and its “(normalised) associated sequence.” 
Definitions from [6] (Slightly Modz@ed) 
(1) (LIP(X)) P re resents the action of the linear functional L on the 
(complex) polynomial p(x). (All of our linear functionals will have their 
actions restricted to polynomials in x.) 
(2) If L is a linear functional, then (Lo 1 p(x)) =p(O). 
(3) A delta functional is a linear functional L with the properties 
(L 1 l)=O and (L Ix)#O. 
(4) A polynomial sequence p,(x), n = 0, 1,2,..., is a sequence of 
polynomials in which p,(x) is of degree n. 
(5) If p,(x) is a binomial function as well as polynomial sequence, it will 
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be called a sequence of binomial function polynomials (or BFP). Hence. p,,(x j 
is a sequence of BFP iff p,(x) is a binomial function with the properties: 
/J,=po(ll- I and /!I, .=p,il~fO 
(6) A polynomial sequence Z,(x) is a (normalised) associated sequence for 
a delta functional L if (Lk 1 I,(X)) = 6,, (where the left member can be found 
by letting Li = L and p = 1 in (6.1)). 
Results from [6 1 (Slightly Modified) 
(1) If p,(x) is a sequence of BFP and if L,, L,...., L, are linear 
functionals, then 
CL,& ..’ Lk I P,(X)) = y @I I P,,(X)? ... CL, I P,,(X))- (6.1) 
where the sum ranges over all k-tuples of non-negative integers (rl ,..., rk) for 
which r, + ..+ + rk = n. 
(2) If L is a delta functional with (normalised) associated sequence f,(x), 
then Z,(x) is a (unique) sequence of BFP. 
(3) If l,(x) is a sequence of BFP, then there exists a unique delta 
functional L for which I,(x) is the (normalised) associated sequence. 
(4) If L is a delta functional and uk is any sequence of complex numbers, 
then J&O a,Lk converges to a linear functional. 
(5) If L is a delta functional with (normalised) associated sequence I,(X), 
then 
M= x akLk i ff ak = CM 1 lk@))- 
k>O 
We will now proceed to use delta functionals and sequences of BFP to 
establish results for BF with SP. Our first objective is to show that a BF with 
SP corresponds to an ordered pair of delta functionals. 
The following lemma is a direct consequence of Result 1 and definitions. 
LEMMA 6.1. If A4 is a delta ,functional and lk(x) is a sequence of BFP, 
then 
(Me ) Ik(x)) = B; 
is a BF with SP. 
We note that Lemma 3.1 is a trivial consequence of the above result. The 
following converse will provide more fringe benefits. 
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THEOREM 6.1. If B,k is a BF with SP and l,(x) is any sequence of BFP, 
then there exists a unique delta functional M such that 
B,k = (MC 1 &(x)). (6.4 
ProoJ: Let Ik(x) be a sequence of BFP and let pi = Bi,. Then, by Result 3 
there exists a unique delta functional L for which I,&) is the (normalised) 
associated sequence. Let A4 = cj, 1 PjL’.Then pj = (A4 ] lj(x)) (by Result 5) 
and M is a delta functional (by Result 4 and the fact that Bf has the Stirling 
property). Hence, Lemma 6.1 yields (6.2) (since a binomial function is 
uniquely determined by its values at c = 1 (by Theorem 2.2)). The 
uniqueness of M follows by the “spanning argument” of [6, p. 1011. 
COROLLARY. If B,k is a BF with SP and M is any delta functional, then 
there exists a unique sequence of BFP lk(x) for which (6.2) holds. 
Proof Let B,k be a BF with SP and pj = B’, . Then M = f (L) = z> 1 pjL’ 
yields 
L =f-‘(M)= c aiMi, 
i>l 
(*I 
where aj is a function of p, ,..., jIj and a1 # 0 (since /I, # 0). Now let M be a 
delta functional and assume that L is defined by means of (*). Then L is a 
delta functional (by Result 4) and M = f (L). The desired result now follows 
from [6, p. 1051, Result 2, and Theorem 6.1. 
By virtue of the above theorem we can say that each BF with SP 
B,k = WC I W)) 
corresponds to an ordered pair (M, L) of delta functionals when 
and Ik(x) is the (normalised) associated sequence for L. We will also 
describe this by saying that B corresponds to (M, L). Hence, I corresponds 
to (L, L) when L is any delta functional. 
The next result shows that a BF with SP can serve as “(normalised) 
connection constants.” (See [6, Sect. 61 for a more extensive development of 
“connection constants.“) 
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THEOREM 6.2. If lk(xj is a polynomial sequence and M is a delta 
functional with (normalised) associated sequence m,{x), then 
I&) = 2: :M” i I,(x)‘: m,.jx 1. (6.3 ) 
!’ 8) 
ProoJ: Since I&) is a polynomial of degree k and m,(x) is a polynomial 
sequence, there exist constants a, such that 
Hence, we obtain 
l,(x) =. x0 a,m,(x). 
c 
(M’/ l/((x)) = i dM’ I m,(x)) = 
k 
x a,&,= a, 
c =. 0 c T. 0 
when 0 < r < k, and the desired result follows. 
COROLLARY. Each BFP can be expressed as a linear combination of a 
sequence of BFP in which the coeflcients are BF with SP. 
We can now use the above results to give a “third proof’ of Theorem 3.1. 
Third Proof of Theorem 3.1 
Let L and A4 be delta functionals with (normal&d) associated sequences 
&(x) and m,(x), respectively. If 
Bt = WC I 4(x)) and At = (Lc I m,(x)), 
then 
since 
4(x) = i BhA-4 
c=O 
and mk(x) = t A,kl,(x) 
c=o 
(by Theorem 6.2) and I, and mk are linearly independent sequences of 
functions. The desired result now foltows from Result 2, Theorem 6.1, and 
Lemma 6.1. 
Using the terminology of Seetion 5 and Result 2, we can now say that 
(Lc 1 mk(x)) is the companion of (M ( Ik(x)) 
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when L and M are delta functionals with (normalised) associated sequences 
Ik(x) and m,Jx), respectively. Alternatively, the BF with SP corresponding to 
(L, M) is the companion of the BF with SP that corresponds to (M, L). 
We will now use delta functionals to obtain the following combinatorial 
result. 
THEOREM 6.3. If B,k is a BF with SP and L is any delta functional, then 
‘= c B;Lk. 
k>e 
Proof: Let B correspond to (M, L). Then 
M= 2 B{Lj and B,k = (MC 1 /k(X)), 
i>l 
where Ik(x) is the (normalised) associated sequence for L. Hence, 
MC= c B,kLk 
k>O 
(by Result 5) and the desired result follows by Lemma 3.2(a). 
If A and B correspond to (f(L), L) and (g(L), L), respectively, and 
(AB);= c A;B;, 
r>0 
then Theorem 6.3 can be used to show that the matrix product AB 
corresponds to df( g(L)), L). Hence, the product of two BFMs with SP is a 
BFM with SP that corresponds to the “composition.” 
In addition to the above result, Theorem 6.3 together with the “L- 
indicator” (as defined in [6, p. 1091) yields the following by-products. 
COROLLARY 1. If B,k is a BF with SP, then 
in the “formal sense.” 
COROLLARY 2. If Bz is a binomial function, then 
in the ‘yormal sense.” 
COROLLARY 3. If b, is any sequence of complex numbers, then there 
exists a binomial function Bt such that 
in the “formal sense”. 
After using a basic combinatorial argument to obtain the coefftcient of t” 
in the expansion of the left member of (*), one can prove Corollaries 2 and 3 
directly from Theorems 2.2 and 2.3, respectively. We note that Corollary 2 
yields Corollary 1 as well as many other formulas. 
EXAMPLE. In 16, p. 1181 the Bell polynomials are defined by 
bk(x; x1 ,..., xk) = T”- Bk x“ 
k! L c-0 c c! * 
where B: is a BF with SP with pj = B’, =x,/j!. Hence, Corollary 1 yields 
(e”- l>c= 2 Bft” 
k>c 
in the “formal sense” if we replace xk by xk in the Taylor series expansion 
fOF eX’. 
In 16, Sect. 141, Rota and Roman show how their theory can be used to 
obtain the exponential generating functions for some basic combinatorial 
entities. We shall now modify their approach to obtain the generating 
function for Gk = Ccra I$ when Bf is a BF with SP. 
THEOREM 6.4. If B,k is a BF with SP and Ct=, B,k = Gk, then 
g(t) = [ 1 -f(t)] -’ = c G, tk, 
k>O 
(6.4) 
wheref(t)=&,fiic’ when jlj=B’i. 
Proof. Let Ik(x) be a sequence of BFP with delta functional L. Then, 
Theorem 6.1 yields both 
A4 = f(L) = c fi,Lj is a delta functional 
IS-0 
and 
B; = (M= 1 &(x)). 
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Hence, 
((M” -Ml-’ I 4(x)) = i: WC I 4(x)) = G, 
c=o 
(by Lemma 3.2(a)) and therefore 
(ibl"-M)-'= 1 G,Lk 
k>O 
(by Result 5). The “L-indicator” of (M” -M)-’ (as defined in [6, p. 1091) 
now yields the desired result. 
In the examples that follow, we will let G, = G,(b) and H,(b) = {/c}~G~(~). 
With this notation, (6.4) becomes 
g(‘) = 2 Hk(b)&, 
k>O b 
so that g(r) is the “Eulerian generating function” for H,(b). 
EXAMPLE 1. B: = R,k(b)/{k}b is a BF with SP in which Bj = l/{j}b when 
j> 1 (by [4, p. 4681) and therefore 
f(f) = c pjr” = f+b*l) - 1 
.!>I 
(by 13, pp. 761, 7711). Hence, 
g(t)= [2 - 8(b't)]-' = c H,(b)&. 
k>O b 
Since R,k(b) is the number of “chains of length c in the lattice of F,(b)” (as 
described in [S]), H,(b) represents the total number of “chains” in this 
lattice. Also, W,(l) is the number of surjective mappings of a k-set. We note 
that these results are well known. 
EXAMPLE 2. B,k = c! (P#)/(k},) is a BF with SP and therefore 
(by [3, p. 7721). Hence, 
g(t)= [l -J!?(b,f)]-‘= c f&(b)&. k>O b 
Since H*(2) = 2.5, we conclude that H,(h) is not necessarily a combinatorial 
entity. However, since NJ 1) -:- 4!. we see that H,(h) can be a combinatorial 
entity. 
In conclusion, the BF with SP want to thank the authors of 16 1 for helping 
to introduce them to the community of linear functionals-for they have 
enjoyed performing with its delta inhabitants and their associates. 
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